Abstract. Let M be a manifold, possibly with boundary. We show that the deRham differential
Introduction
Let M be a (second countable, Hausdorff) smooth manifold, possibly with boundary. The aim of this note is to describe fairly explicitly (see (13) below), a continuous linear right inverse of the deRham differential d :
, for k ≥ 0, where the spaces of forms have the topology induced by the weak Whitney topology on C ∞ (M, Λ k (M )) (see [Hi, Section 2.1] ). It will be clear from the construction of the anti-derivative operator that it takes smooth families of exact forms to smooth families of forms.
The construction makes use of explicit equivalences between the deRham complex on a manifold and theČech-deRham complex with compact supports, as well as the Poincaré Lemma for cohomology with compact supports (cf. [BT] ). It depends on the choice of a suitable good cover of M , a partition of unity subordinate to this cover, a choice of generators for the compactly supported cohomology of each non-empty intersection of open sets in the cover, and a choice of right inverses for boundary maps of certain vector spaces of simplicial chains with real coefficients. It provides an explicit procedure for expressing an exact form on a manifold as a sum of compactly supported forms which are exact as compactly supported forms (see Remark 2.5).
We note that, when M is compact, it is easy to give an expression for an antidifferential by choosing a metric on M and applying Hodge theory, but this will not work for a general non-compact M . Also observe that a continuous right inverse for the deRham differential does not in general exist if we use the strong Whitney topology on spaces of forms (it suffices to consider the case M = R).
1.1. Relation to other work. The formula for the anti-differential was obtained by trying to follow through a suggestion in [MS, p.96] (although the reference there to an inductive procedure seems misleading). The expression for the antiderivative appears essentially in the MSc. Thesis of the first author [Ar, Appendix A] written under supervision of the second author. After this paper was written the authors have learned that a similar formula appears in the Phd. Thesis of Ioan Marcut [Ma, Section 3.4.4] under the added assumption that the manifold is of finite type (however the details are only spelled out in the case of 2-forms). As pointed out in [Ma] , the existence of a smooth family of primitives for a smooth family of exact forms on an arbitrary manifold is stated as [GLSW, Lemma, p. 617] and a sketch proof is also given there.
One difference with the arguments described in [Ma, GLSW] is that we make use theČech-deRham complex for cohomology with compact supports instead of the usualČech-deRham complex. In our opinion, this makes the continuity of the antidifferential with respect to the weak topology more transparent. 
A formula for the deRham antidifferential
We begin by giving an explicit formula for a continuous linear right inverse of the deRham differential on compactly supported forms on R
Continuity will be clear whether we use the weak or strong topology on both the domain and the range. Below, we'll use the convention that Ω k c (R n ) = 0 for k < 0.
Let π : R n → R n−1 be the projection onto the first (n − 1)-coordinates and e(t)dt ∈ Ω 1 c (R) be a 1-form with integral 1. We have operators
given respectively by integration along the fiber of the projection π, and exterior product with e(x n )dx n . There is a (continuous and linear) homotopy operator [BT, Proposition I.4.6, p.38 ] multiplied by (−1) * −1 ) such that
Using this, one easily checks the following result.
given by the formula
is a continuous linear map satisfying dP = id.
For the remainder of this paper let M denote a (second countable, Hausdorff) smooth manifold of dimension n.
We start by reducing to the case when ∂M = ∅. Suppose ∂M = ∅ and let ι : int M → M denote the inclusion of the interior of M . Using a collar of ∂M , we can define a map r : M → int M that pushes M into its interior together with an isotopy F :
be the cochain homotopy determined by the isotopy F , so that dH +Hd = id −r * ι * . The maps ι * , r * and H are clearly continuous with respect to the weak Whitney topology, so if
With this in mind, we assume from now on that ∂M = ∅.
Let U = {U α } α∈I be a cover of M such that the sets U α are compact, every non-empty intersection of open subsets in U is diffeomorphic to R n , and every intersection of n + 2 elements of U is empty (one can, for instance, cover M by the open stars of vertices in a smooth triangulation). We pick a total ordering of the indexing set I and consider theČech-deRham double complex for compactly supported cohomology given by
with p, q ∈ {0, . . . , n}. We'll write ω = (ω α0···αp ) for an element of C −p,q and use the convention ω β0···βp = 0 if β i = β j for some i = j. Moreover, if σ is a permutation of {α 0 , . . . , α p } with α 0 < . . . < α p , we set λ σ(α0)···σ(αp) = (−1) sgn(σ) λ α0···αp .
The horizontal differential d h : C −p,q → C −(p−1),q is given by the formula
(note that only finitely many terms in the sum are non-zero) and the vertical differential
is given by the formula
We can augment the complex C * , * in the horizontal direction by setting
and defining d h : C 0,q → C 1,q by the formula
(note that the sum is locally finite).
Let {ρ α } α∈I be a partition of unity subordinate to the cover U and define
Note that this formula still makes sense when p = −1. One easily checks the following result (cf.
[BT, (8.7) p.95] for the case of theČech-deRham complex with not necessarily compact supports).
Lemma 2.2. For each q ∈ {0, . . . , n}, the operator (5) is a cochain contraction of the complex
Let C * = Tot(C * , * ) denote the total cochain complex associated to the double complex C * , * . Thus
for the components of an element ω ∈ C k . Since C * ,q = 0 for q > n, we will regard an element
It follows from Lemma 2.2 that C * = Tot C * , * is quasi-isomorphic to the deRham complex of M via the map
given by
We will need the following formula for a right inverse of the restriction of the map S in (6) to the subspace of cocycles (cf. [BT, Proposition 9.5 
]).
Lemma 2.3. Let ω ∈ Ω k (M ) be a closed form and K be the map defined in (5). Let β ∈ C k be the element defined by β (0) = (ρ α ω) α∈I , and
Proof. It is immediate from the definitions that Sβ = ω. To see that β is a cocycle, one first checks by induction that d h d v β (j) = 0 for all j and then applies the formula d h K + Kd h = id given by Lemma 2.2. Lemma 2.3 gives an assignment
which is continuous when we give C k the product of the weak Whitney topologies on the spaces of forms. Note also that ST = id. We can now prove our main result.
Theorem 2.4. Let M be a manifold of dimension n. There exists a continuous linear right inverse for the map d :
) when the spaces of forms are given the weak Whitney topology.
Proof. Let ω ∈ Ω k (M ) be an exact form and let β = T (ω) with T the map (7) defined in Lemma 2.3. Since ω is exact and S is a quasi-isomorphism, β is a coboundary. We will find an explicit element γ ∈ C k−1 with Dγ = β. The required primitive for ω will then be S(γ).
In order to obtain a formula for γ (n−k+1) , consider the vertical augmentation C * ,n+1 of the double complex C * , * given by
with horizontal differential d h still given by the formula (3), and
The columns of the vertically augmented double complex C −p,q with 0 ≤ p ≤ n and 0 ≤ q ≤ n + 1 are acyclic by the computation of the compactly supported cohomology of R n (see [BT, Corollary 4.7 .1]), so the total complex of C * , * is quasi-isomorphic to the cochain complex 1 C * ,n+1 via the integration map (9) I : C * → C * ,n+1
By picking, for each m-tuple β 0 < . . . < β m such that the intersection U β0···βm is non-empty, n-forms ν β0···βm supported on U β0···βm with integral 1, we can define a map
Clearly we have IJ = id.
We will pick linear maps
β0<···<βp R depends only on finitely many components of c ∈ α0<···<αp−1 R. This is possible because the complex C * ,n+1 is the R-dual of a chain complex
It suffices to pick any map such that ∂ ∂ = ∂ and take L = * .
Since
The properties of L and the construction of β ensure that each component of γ (n−k+1) depends continuously on ω. Moreover, each component depends only on the restriction of ω to a compact subset of M . Now, by definition of γ (n−k+1) , we have that
is a vertical coboundary. Abusing notation slightly and writing P : C * , * → C * , * −1 for the coordinatewise application of the operator defined in Lemma 2.1 we can set
. Continuing in this way we obtain γ ∈ C k−1 with D(γ) = β. The expression for γ (0) is
so we get the following formula for a primitive of an exact form ω ∈ Ω k (M ):
where the operators P, d h , S, T, I, J, L were defined in (1),(3),(6), (7), (9), (10), (11) respectively.
Clearly (13) gives a formula which is continuous with respect to the weak topology. Moreover, it is also clear that applying (13) to a smooth family of forms in Ω k (M ) produces a smooth family in Ω k−1 (M ).
Remark 2.5. With the notation used in the proof of Theorem 2.4, d v (γ (0) ) is a family of forms, exact as compactly supported forms, adding up to ω. It suffices to replace the direct product in (2) by a direct sum. The existence of the splittings L of the differential in theČech complex with the required properties is immediate in this case.
